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1= Introduction:

The bilinear forms B, (w,v),B, (w,V),Bp (w,p) and B (ws,v) and the linear form ¢(w)
are defined by
By(w,v)= [ pWTvdx
Qe

B, (w,w) = [ (Dw)' C(DV)dx

Qe
B, (w,p)= | (DIW)T pdx
de

......... (2.1)
"
B, (W3,v)= [ (w;) (DIV)dx
Qe
((w)= [ Widx+ ¢ W 'tds
Qe Te
where
2 ,1
x 2. 2 00
D=|l0 <%| D=1l c=plo 20 . (2.2)
%y 2 00 1
o 9 %y
Loy X

The transpose of a scalar (01 X01 matrix) used is the equation (2.1) may look, a bit

strange at the moment but it is necessary to obtain the correct form of the finite element
model. We will now formulate the finite element model in the following section.
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2 . Formulation of the flow problem as a constraint

problem:

The equations governing flows of viscous incompressible fluids can be viewed as
equivalent to minimizing a quadratic functional with a constraint. Here we present the
formulation, in the interest of simplicity, for the static case since the constraint condition
does not involve time derivative terms. Then, we add the time derivative terms to study

transient problems.

We begin with unconstrained problem described by the weak forms of the mixed model.
Namely equation B, (w,v)+B, (w,v)-B, (w,p)=/(w)-B,(ws,v)=0 without the time

derivative terms.

B, (w,v)-B,(w,p)=¢(w)-B,(ws,v)=0 L (3.1)
where B, (w,v),B, (w,p),B, (w3,v)and 7(w) are defined in (2.1).

Now, suppose that the velocity field (vx,vy) is such that the continuity equation

oV
%+ —Y _0 is satisfied identically. Then the weight function (w,,w, ) being (virtual)

ox  dy

variations of the velocity components, also satisfy the continuity equation.

Wy W5

o 3.2
X oy (3.2)

As a result, variational problem (3.1) now can be stated as follows. Among all (vx,vy)

that satisfy that the continuity equation (3.3), find the one that satisfies the variational
problem.

Boilwy=8(g s (3-3)

For all admissible weight functions (w,,w,), i.e. the one that satisfies condition (3.2).
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3. Lagrange Multiplier Model

In the Lagrange multiplier method the constrained problem (3.6) is reformulated as one

of finding the stationary points of the unconstrained functional.

The variational problem in equation (3.3) is a constrained variational problem because

cov
the solution (v,.v, ) is constrained to satisfy the continuity equation % + a—; =0.We

note that B, (w,v) is symmetric (because c is symmetric).
B,(wv)=B,dyw) (3.4)

And it is linear is w as well as v, while ¢(w) is linear in w. Hence, the quadratic

functional is given by the expression.

I, (v):%BV(v,v)—f(v) ......... (3.5)

Now, we can state that the equations governing steady flows of viscous incompressible

fluids are the equivalent to minimize I, (v).

Subjected to the constrain

dv, vy

The constrained problem (3.6) can be reformulated as an unconstrained problem using
the Lagrange multiplier method or the penalty function method. There are discussed
next.
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I (v,A)=1, (v)+ [ AG(v)dxdy
e

where i (x,y) is the Lagrange multiplier. The necessary condition for I, to have

stationary value is that

8L, =d&vy L +ov I +8,I =0—>dv,] =0,8vy], =0,5,, =0 ... (4.2

where &v,,8v, and &, denote the partial variations with respectto v,,v, and %,

respectively. Calculating the first variation in (4.2), we obtain

_ . v
0= %[Epff—“+l]+ilﬁﬂx[afx 2l f] dxdy - [ ov,fxdxdy - § av,txds ........ (4.3)
ael X X cy &y oy 2 ‘.
I v, & oY
0= J’ HoV, [c?'u’x g ]+ Vy [2}1 y +:".] dxdy — J‘Svyfydxdy—-:fjmytyds ceveeene (4.4)
cel * Ly X oy oy fia 2
oV
b ja}*[ﬂx +G—"]dxdy ceeee. (4.5)
O éx 0

v
where tx=[2}1%+l]nx+u thllI—i":+—1"IIr ny
ax &

&y, €V cv
t?=}l{—x+§y]nx+[2}lé—:+}.Jny i [6.6)
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or in vector from

By (W,v)+B, (w,a)=1(w),By (84,v)=0 e (A7)
And the bilinear forms are the same as those in equation (2.1) and (2.2).

Comparison of equation (4.7) with equation

By (W,v)+B, (W.v)- B, (w,p)=¢(w)-By(w3,v)=0

Reveals that » = —P . Hence, the Lagrange multiplier formulation is the same as the

velocity pressure formulation.

4- Penalty Model

In the penalty function method, the constrained problem (3.6) is reformulated as an

unconstrained problem as following minimize the modified functional.

Ip (v)=1,(v)+ 5 | [ew)fPax (5.1)
0x

where ye is called the penalty parameter. Note that the constraint is included in a least

squares since into the functional. Seeking the minimum of the modified functional I (v)

is equivalent to seeking the minimum of both I, (v) and G(v), the latter with respect to
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the weight ve . The larger the value of ye , the more exactly the constraint is satisfied.

The necessary condition for the minimum of I, is
=y

We have

A : 35 ev
0= I |2],.l By N + 1 ik [ﬁ” g2 ]—vaf}{}d}{dy
al T Ty ey

E'SV,{ [6‘9‘1 + E’u’y

~ sv,txds + g‘LTE =

e

-@ v, tyds + _[ ve
Te Oe

or in vector form
By (W,v)=£(W)
where (w, =dv, and W, =dv, )
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8oV ov
~fovytyds+ [ e Yo laxdy (5.4)
: Ay ey

or in vector form

Bo(wv)=f(w) (5.5)
where (w, = vy and W, =0vy)
.
By (w,v) =B, (w,v)+ | 6e(D1Tw) D{vdx
Oe
((w)= | wjdxdy + E{)thds ......... (5.6)
e e

And B, (w,v) and D, are defined is equation (2.1) and (2.2). We note that the pressure

does not appear explicitly in the weak form (5.3) and (5.4) although it is a part of the
boundary stress A =-P.

A comparison of the weak form in (5.3) and (5.4) with those in (4.3) and (4.4) show that

' ov
l:ye[a;—x’way]:P orP=—eDlv . (5.7)
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Where v =v(ye) is the solution of equation (5.3) and (5.4). Thus an approximation for

the pressure can be post computed using (5.7).

The time derivative terms can be added to equation (4.3){4.5) as well as to (5.3) and

(5.4) without affecting the above discussion. For the penalty mode, we have

ov ov
0:j'{Pvaa;t"‘+2uaZi"a;:ﬂlasvx[av"+ y}+yeasvx[av"+ ydedy

e O gy o X

- j Sv, fxdxdy — j Svitxds (5.8)

Qe Te
ov oov,, oV ooV oV ooV ov
O:I Pov, YL +2u—Y Y,V N gy +ye—Y Nio 2, 555 xdy
oo ot oy oy x | oy  ox

- [ fxdv, dxdy — gS Svytyds L (5.9)
Qe Te

or, By(w,v)+Bg (w,v)="/(w)

where B, (w,V) is defined in equation (2.1) and Bs (w,v) and ¢(w) are defined in
equation (5.6)

The penalty finite element model can be constructed using equation (5.8) and (5.9) [or
equation (5.10)]

By substituting &v, =w; and vy =y; and approximations

n .

Bty =Y u, (H)w; (x.y)vy (Xy.t)

=1
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=2 v} (t)wj(xy) for

(vx,v ) we obtain

o e el
where [K'"|=2[s"|+[s%]+[s7?]
K'2]=[s?"]+[s?]

K22 |= [s”: + 2[822] +[S_22]

K21_ _ [812: " [8_21]

With the coefficients

M; = J' Py Py dxdy
Oe

€ oy
S?ﬁ:fpaw' = dedya[ﬁ 1,2
Xp

e
Si° = fu?:' yidxdy;d =12
Qe o
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e e
—of _ [ o ¥ Y] ydvias -
S;°F = jye ~ dxdy;op =12

Qe a “°B
oyt
Sﬁao == J. Y I '*I’? d}(dy,a =12 (512)
1) 4
Qe £

F'= j' w o fxdxdy + (j') ytxds
Qe Te

F? = [ wifydxdy + § ftyds
Qe Te

In vector form, the finite element model is given by

MAa+(K, +Kp)A=f (5.13)

where (M, K, and K, are of the order 2nx2n, and F is of the order 2nx1)

M= [ PyTydxk, = [ BJCB,dx
Qe Qe

Ke = | yeBiBpdx F = [ v T pdx + fytax (5.14)
Qe Qe T'e

"
By =Dy, B, =Dy
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For the unsteady case equation MA + K'"A+K"2p = F1,K21A =0 and (5.13) are further
approximated using a time approximation scheme. Equations

MA+K''A +K'?P =F' K?'A =0 and (5.13) are of the form MA +KA =F

Where {A} denotes the vector of nodal velocities and pressure in the velocity-pressure

formulation and only velocities in the penalty formulation. Using the o -family of

approximation we reduce equation (5.13) (with K=K, +K;) to

KAg 1=KAs+Fgg.1

......... (5.16)
Where

K=M+oKg K=M-aKs . (5.17)
Fssi1=0Fs,+aF5,a=aAta, =(1-a)at (5.18)

where M and K for the penalty nodal are define in equation (5.14)
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